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Abstract
A singular integral equation with a Holderian second member function on [a, b] is considered and
solved for four different type of kernels in the class of functions that are unbounded at the end points
of the interval.  2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction













t − x ϕ(t)dt = f (x), (1)
and observed that (1) leads to two independent integral equations of Carleman type that
can be solved easily for a(x)= (1− x2)1/2, b(x)= λ2(1− x2)1/2 with a constant λ.
In 1972, A.S. Peters [5], and in 1980, A. Chakrabarti and W.E. Williams solved (1) by
taking some common cases such that a(x)b(x)= λ2(1− x2).
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t − x ϕ(t)dt = f (x) (m= 1,2,3,4), (2)
where λ is a complex parameter and f a Holderian function on [a, b];
k1(t, x) =
√
(b− x)(x − a)
(b− t)(t − a) ;
k2(t, x) =
√
(b− x)(t − a)
(x − a)(b− t) ;
k3(t, x) = k−12 (t, x) and k4(t, x)= k−11 (t, x).
2. Solutions of the singular integral equations (2)
We will solve the singular equation (2) by using the method of the integral transforma-
tions. In this case, we focus only on the case m = 1, the other cases follow by the same
argument.










t − x dt,
where p is an arbitrary complex number.






























)p√(b− t)(t − a)
(t − s)(t − x) dt = (Af )(x). (3)
Let I1(s, x) and I2(s, x) denote the integrands of (3).
2.1. Computation of I2(s, x)
We integrate from a to x (s < x) and from x to b (s > x) to calculate I2(s, x). First,
assume that s < x , then consider s > x , and use the symmetry of I2(s, x) with respect to s
and x .
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(z− s)(z− x) , (4)
at the singular points z= a and z= b.
Divide the interval [a, b] and separate the residue of the function. Fix arg(t − a) = 0
and arg(b − t)= 0 on the upper border. Denote by F+(t) the value of this residue in t on
the upper border. Then we have
F+(t)= iepπ i (b− t)
1
2+p
(t − a) 12−p
(t − s)(t − x) . (5)
We find the value of the residue at t on the lower border by moving around a or b. Denote
this value by F−(t) then
F−(t)=−ie−pπ i (b− t)
1
2+p (t − a) 12−p
(t − s)(t − x) . (6)
Note that resFp(z)= 1.
Choose the contour L as follows
By definition of the residue at z=∞,∫
L−
Fp(z)dz= 2π i resz=∞Fp(z)= 2π i. (7)
Let ε be the radius of the circles Ca , Cb and semicircles Cs+ , Cs− , Cx+ , Cx− . In the


























(s + εeiϕ − b)
1
2+p
(s + εeiϕ − a)
1
2−p







(s + εeiϕ − b)
1
2+p
(s + εeiϕ − a)
1
2−p
s + εeiϕ − x dϕ
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s − x (−π)























(s + εeiϕ − b)
1
2+p
(s + εeiϕ − a)
1
2−p
s + εeiϕ − x iεe
iϕ dϕ


















s − x . (10)
By using (8)–(10) and taking the limit in (7), we obtain

















2.2. Computation of I1(s, x)











s − x . (12)

































t − x dt






(b− x)(x − a)
(b− t)(t − a)
ϕ(t)






(b− t)(t − a) dt = (Af )(x). (13)
Choose the parameter p such that





















t − x dt = 0.
It follows from (14) that
cotpπ =±λi, tanpπ =± 1
λi
, cospπ = ±λ√




















(b− x)(x − a)
(b− t)(t − a)
ϕ(t)













(b− t)(t − a) dt .












(b− x)(x − a)
(b− t)(t − a)
ϕ(t)







t − x dt =
1








384 M. Terbeche et al. / Bull. Sci. math. 126 (2002) 379–387






t − x dt = g(x), (19)
in the class of functions that are bounded at the point x = b and unbounded at the point















t − x dt, (20)
where q = 12π i ln µ−1µ+1 and µ /∈ (−∞,−1] ∪ [1,+∞).
For (18), µ=−λ implies q = (1/2π i) ln λ+1
λ−1 = p,
q(x)= 1















t − x dt +C
)
.
Substitute the expression of q(x) in (18), we obtain
ϕ(x) = 1
































































t − x dt .
By repeating this process and interchanging the integrals, we obtain























































































































































If we substitute ϕ(x) by its expression (24) in the given equation, we get the first part,
i.e., a particular solution of the nonhomogeneous equation, and the second part is a solution
of the homogeneous equation, with C1 an arbitrary constant. For convenience, we choose















λ− 1 < π,
for all λ that satisfies
Reλ < 0.
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If p = p− in (15), we obtain the condition
0 < arg
λ+ 1
λ− 1 < π.
The last condition is verified for all λ that satisfies Reλ > 0. Therefore, it is necessary
to do not consider the imaginary line of the complex plane. A similar method is used to the













f (x)dx = 0,
is not satisfied, then the formula (24) is not solution for the equation associated to the
kernel k4.
For k2 and k3, the solution is unique (C1 = 0).
According to the behavior of Cauchy integral type at the ends of the contour of
integration [5] the solution (24) is of the class of functions that are unbounded at x = a
and x = b.
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